Abstract. We present a geometric construction of highest weight crystals B(λ) for quantum generalized Kac-Moody algebras. It is given in terms of the irreducible components of certain Lagrangian subvarieties of Nakajima's quiver varieties associated to quivers with edge loops.
Introduction
The 1990's saw a great deal of interesting interplay between the geometry of quiver varieties and the representation theory of quantum groups. One of the most exciting developments in this direction may be Lusztig's geometric construction of canonical bases. For a Kac-Moody algebra g, he constructed a natural basis B of the negative part of the quantum group U q (g) in terms of simple perverse sheaves on quiver varieties [8] . The basis B yields all other canonical bases of integrable highest weight modules through natural projections.
Around the same time, Kashiwara took an algebraic approach to construct global bases and showed how to obtain, by passing to the crystal limit q = 0, crystals bases which contain most of the combinatorial information on U q (g) and their integrable highest weight representations [6] . We denote by B(∞) and B(λ) the crystal bases of U − q (g) and V (λ), respectively. It later turned out that canonical bases and global bases coincide [2] .
In [7] , Kashiwara and Saito gave a geometric construction of B(∞): the crystal B(∞) can be identified with the set of irreducible components of Lusztig's nilpotent quiver varieties which are certain Lagrangian subvarieties of the cotangent space to the representation varieties of a quiver. This work was generalized by Saito to a geometric construction of B(λ) using Nakajima's quiver varieties [10] .
For generalized Kac-Moody algebras, which were introduced by Borcherds in his study of Monstrous Moonshine [1] , the crystal basis theory was developed in [3] and it was proved that there exist unique crystal bases B(∞) and B(λ) for U − q (g) and V (λ), respectively. In [4] , the notion of abstract crystals was put forward and the authors gave some combinatorial characterizations of B(∞) and B(λ). In [5] , we gave a geometric construction of B(∞) for quantum generalized Kac-Moody algebras in terms of irreducible components of Lusztig's quiver varieties, associated this time to quivers which may have loop edges. The main difficulty of this work lies in that typical simple objects sitting at a vertex with loops may have non-vanishing self extensions. This difficulty was overcome by requiring that certain arrows are regular semisimple.
In this article, we continue to investigate the deep connection between the geometry of quiver varieties and the representation theory of quantum groups. In particular, we present a geometric construction of highest weight crystals B(λ) for quantum generalized Kac-Moody algebras . We first define certain Lagrangian subvarieties of Nakajima's quiver varieties by imposing stability conditions on Lusztig's quiver varieties, and consider the set B λ of irreducible components of these Lagrangian subvarieties.
We then define the Kashiwara operators on B λ using generic fibrations between irreducible components so that B λ becomes an abstract crystal. Finally, we show that B λ satisfies all the properties characterizing B(λ), from which we conclude that the crystal B λ is isomorphic to B(λ).
The Crystal B(λ)
In this section, we recall the definition and basic properties of quantum generalized Kac-Moody algebras, integrable highest weight modules and their crystals. Let I be a finite or countably infinite index set. A symmetric even integral Borcherds-Cartan matrix is a square matrix A = (a ij ) i,j∈I such that (i) a ii ∈ {2, 0, −2, −4, . . .} for all i ∈ I, (ii) a ij = a ji ∈ Z ≤0 for i = j. Let I re = {i ∈ I ; a ii = 2 } and I im = {i ∈ I ; a ii ≤ 0 } and call them the set of real indices and the set of imaginary indices, respectively. A Borcherds-Cartan datum (A, P, Π, Π ∨ ) consists of
(ii) a free abelian group P , the weight lattice, (iii) Π = {α i ∈ P ; i ∈ I }, the set of simple roots, (iv) Π ∨ = {h i ; i ∈ I } ⊂ P ∨ := Hom(P, Z), the set of simple coroots satisfying the following properties:
(a) h i , α j = a ij for all i, j ∈ I, (b) Π is linearly independent, (c) for any i ∈ I, there exists Λ i ∈ P such that h j , Λ i = δ ij for all j ∈ I.
We denote by P + = {λ ∈ P ; h i , λ ≥ 0 for all i ∈ I } the set of dominant integral weights. We also use the notation Q = i∈I Zα i and Q + = i∈I Z ≥0 α i . Let q be an indeterminate. For m, n ∈ Z, define
The quantum generalized Kac-Moody algebra U q (g) associated with a Borcherds-Cartan datum (A, P, Π, Π ∨ ) is defined to be the associated algebra over Q(q) with 1 generated by the elements e i , f i (i ∈ I), q h (h ∈ P ∨ ) subject to the defining relations:
(1.1)
We denote by U + q (g) (resp. U − q (g)) the subalgebra of U q (g) generated by the e i 's (resp. the f i 's).
The following notion of abstract crystals for quantum generalized Kac-Moody algebras was introduced in [4] . Definition 1.1. An abstract U q (g)-crystal or simply a crystal is a set B together with the maps wt : B → P ,ẽ i ,f i : B → B ⊔{0} and ε i , ϕ i : B → Z⊔{−∞} (i ∈ I) satisfying the following conditions:
We will often use the notation wt 
Here, we understand ψ(0) = 0. (c) ψ is called an embedding if the underlying map ψ :
For a pair of crystals B 1 and B 2 , their tensor product is defined to be the set
where the crystal structure is defined as follows: The maps wt, ε i , ϕ i are given by
For i ∈ I, we definef
For i ∈ I re , we defineẽ
and, for i ∈ I im , we definẽ
Example 1.3. Let V (λ) be the irreducible highest weight U q (g)-module with highest weight λ ∈ P + . For any i ∈ I, every v ∈ V (λ) has a unique i-string decomposition
The Kashiwara operatorsẽ i ,f i (i ∈ I) are defined bỹ
where v λ is the highest wight vector of V (λ). Then the set
becomes a U q (g)-crystal with the maps wt,
Example 1.4. For each i ∈ I, we define the endomorphisms e
where 1 is the multiplicative identity in U − q (g). Then the set
Then T λ is a U q (g)-crystal.
Example 1.6. Let C = {c} be the crystal with wt(c) = 0 and ε i (c) = ϕ i (c) = 0, f i c =ẽ i c = 0 for any i ∈ I. Then C is a U q (g)-crystal isomorphic to B(0). For a crystal B, b ∈ B and i ∈ I, we have
The crystal B(λ) can be characterized as follows.
Lusztig's Quiver variety
Let (I, H) be a quiver. For an arrow h : i → j in H, we write out(h) = i, in(h) = j and assume that we have an involution − of H such that out(h) = in(h) for any h ∈ H and that − has no fixed point. An orientation of H is a subset Ω of H such that H = Ω ⊔ Ω. We say that h is a loop if out(h) = in(h). We denote by H loop the set of all loops and set Ω loop = Ω ∩ H loop .
Let c ij denote the number of arrows in H from i to j, and define
Then A = (a ij ) i,j∈I becomes a symmetric even integral Borcherds-Cartan matrix. For α ∈ Q + , let V = V (α) = i∈I V i be an I-graded vector space with
and let
The group GL(α) := i∈I GL(V i ) acts on X(α) via
The symplectic form ω on X(α) and the moment map µ = µ i :
We define Lusztig's quiver variety N (α) to be the variety consisting of all x = (x h ) h∈H ∈ X(α) satisfying the following conditions:
We denote by Irr N (α) the set of irreducible components of N (α).
Fix i ∈ I and let t be the number of loops at i in Ω. Write Ω loop i = {σ 1 , . . . , σ t }. Let R = C x 1 , . . . , x t , y 1 , . . . , y t be the free unital associative algebra generated by x i , y i (i = 1, . . . , t) . For x = (x h ) h∈H ∈ N (α) and f ∈ R, we define
Since ε For each α ∈ Q + and l ≥ 0, let
and consider the canonical projections
where Z(α, lα i ) is the set of short exact sequences 
Theorem 2.3 ([5]). The set B is a U q (g)-crystal which is isomorphic to B(∞).

Nakajima's Quiver Variety
Let λ ∈ P + be a dominant integral weight and let W = W (λ) = i∈I W i be an I-graded vector space with wt(W ) := i∈I (dim W i )Λ i = λ. For each α ∈ Q + , define
where Hom gr (V (α), W ) = i∈I Hom(V i , W i ) and Hom gr (W, V (α)) = i∈I Hom(W i , V i ).
A typical element of X(λ; α) will be denoted by (x, t, s) = ((x h ) h∈H , (t i ) i∈I , (s i ) i∈I ). The group GL(α) acts on X(λ; α) via
. The symplectic form ω on X(λ; α) and the moment map µ = (µ i : X(λ; α) → gl(V i )) i∈I are given by
st denote the set of all stable points in X(λ; α). Then the group GL(α) acts freely on X(λ; α) st (indeed, if (x, t, s) is stable and Id = g ∈ GL(α) satisfies g · (x, t, s) = (x, t, s) then the subspace i Im(g i − Id) violates the stability condition, see [9] ). We define Nakajima's quiver variety to be
It is known to be a smooth variety with a symplectic structure induced by ω. We also set
The definition of the subvariety L(λ; α) is different from the one given in [9] (for quivers without edge loops), but it yields the same variety (see [9] , Lemma 5.9). 
Proof. By Corollary 2.2, N (α) is a Lagrangian subvariety of X(α). Since Hom
is clearly a Lagrangian subvariety of Hom
is a Lagrangian subvariety of X(λ; α), which implies (N (α) × Hom
is a Lagrangian subvariety of X(λ; α).
⊓ ⊔
For each α ∈ Q + and l ≥ 0, let
and consider the canonical projections (3.1)
It is easy to show that if (x, t) is stable, then (x ′ , t ′ ) is also stable.
. Note that this function is invariant under GL(α) and hence descends to L(λ; α). Set
Proposition 3.3.
(ii) Assume the following conditions:
Then the map q 1 in (3.2) is smooth, locally trivial and with connected fibers.  (iii) If (3.3) is not satisfied, then N (λ; α + lα i ) i,l is an empty set.
2 (x) and our assertion follows from Proposition 2.1 (a).
(ii), (iii) Since they are similarly proved as in [10] when i is real, we shall assume that i is imaginary.
We may assume that l > 0. Assume first that
Then we have h i , λ = k i a ii = k j a ij = 0. Hence W i = 0 and if there is an arrow h : i → j (j = i), then V (α + lα i ) j = 0. Hence V (α + lα i ) i ⊂ Ker t and the stability condition implies that V (α + lα i ) i = 0, which is a contradiction. Now we shall assume that
we have q
Since q 1 = p 1 × π, where
is the natural projection, our assertion follows from Proposition 2.1 (b) once we prove that for a generic point (x,
is a stable point. Let U be an I-grades subspace of V (α + lα i ) such that t(U) = 0. Then U ∩V (α) = 0, and hence
We may assume that any eigenvector of x h in F is not annihilated by t. Hence t i (U i ) = 0 implies U i = 0.
As an immediate corollary, there is a 1-1 correspondence We denote this 1-1 correspondence by
. Hence, by the definition of ψ λ , we obtain the following commutative diagram:
If i ∈ I re , in [10] , Saito proved
If i ∈ I im , write α = j k j α j , then we have
We define the Kashiwara operatorsẽ i ,f i :
It is straightforward to verify that B λ is a U q (g)-crystal. Moreover, we have
Proof. (a) It suffices to show that if ε or i (Λ) = 0 for all i ∈ I, then α = 0 and Λ = {0}, which was already proved in [5] . Proof. If Λ ∈ Irr L(λ; α) with α ∈ Q + , then ψ λ (Λ) = Λ 0 ∈ Irr N (α) and we have
If i ∈ I re , by the definition of tensor product of crystals, we have
Hence we obtain ε i (Λ 0 ⊗ t λ ⊗ c) = ε i (Λ), ϕ i (Λ 0 ⊗ t λ ⊗ c) = ϕ i (Λ).
If i ∈ I im , then
It remains to show that Ψ λ commutes withẽ i ,f i (i ∈ I). By Example 1.6, we havẽ
If ϕ i (Λ) = 0, thenf i (Λ) = 0 and hence Ψ λ (f i Λ) = 0 =f i (Λ 0 ⊗ t λ ⊗ c). If ϕ i (Λ) > 0, then using the commutative diagram 3.4, we obtaiñ
Note thatẽ i Λ = 0 if and only ifẽ i Λ 0 = 0. Hence if i ∈ I re and ϕ i (Λ) ≥ 0, using the commutative diagram 3.4, we havẽ
Similarly, if i ∈ I im and h i , λ−α +a ii > 0, one can verifyẽ i Ψ λ (Λ) = Ψ λ (ẽ i Λ). Finally, if i ∈ I im and h i , λ − α + a ii ≤ 0, by Proposition 4.1, we haveẽ i (Λ) = 0 and hence Ψ λ (ẽ i Λ) = 0 =ẽ i (Λ 0 ⊗ t λ ⊗ c), which completes the proof.
As a corollary we obtain the geometric realization of the crystal B(λ). 
